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Punnett Square Redux

In an earlier module (Punnett's Mice), we talked about Punnett Squares and how they can represent genetic crosses. In this module, we're going to use Punnett Squares again to talk about more complex kinds of crosses. 
Here's Smiley [image: image1]
In this module, we're going to lose the mice and go with a universally recognized icon, the smiley face. Our face will have two phenotypic characteristics: eyes and teeth.

To make it easy to remember, the "normal" characteristics will be the dominants and the variants will be the recessives:

	normal eyes
allele: E
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	bug eyes
allele: e
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	and
	normal teeth 
allele: T
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rabbit teeth 
allele: t
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When I show the eyes and mouth inside a face, that means you're seeing the entire phenotype –
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	The "normal" face is coded by 4 different genotypes: EETT, EETt, EeTT, and EeTt, while
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	The “least” normal face is only coded by eett


On the other hand, when I show just the eyes and mouth (no face), it means we're just looking at the genotype of a gamete -- i.e., either the mother's or the father's contribution to a baby smiley. For example, an EeTT mother could have 2 kinds of eggs:
	ET
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	et
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Smiley's First Punnett Square [image: image10]
More review -- here is a standard Punnett Square for you to fill in. 

· Mother's genotype: EeTt

· Father's genotype: EeTt 
First, you need to fill in top and left hand sides (the mother and father's contributions, shaded pink and blue!). Then fill in kids to see what the offspring will look like:
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


But what if the genes are linked? 

A key assumption of the Punnett Square you just did is that the alleles for the two genes are independent. In other words, what kind of teeth the kid gets doesn't affect what kind of eyes he gets. The reason for this is that we're assuming that the two genes are on different chromosones. During meiosis, the two chromosomes split up, and either chromosome can end up in each gamete. So, for a double hybrid (EeTt), you can get any combination for the gametes i.e. ET, Et, eT, et.
What if we violate this assumption? That is, we find out that smiley's two characteristics are both on the same chromosome? Smiley can still be a double hybrid, but only two kinds of gametes are now possible ET and et. 

ET and et happen this way: 
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Some notation 

So if the two genes (one for eyes, one for teeth) are both on the same chromosome, they will also be linked during meiosis. And it turns out to be pretty important HOW the ALLELES are arranged. 

We could draw both homologous chromosomes every time we wanted to talk about linked genes:
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But, not all geneticists are good artists, so maybe we need an easier notation:

	You could write this: 
	Like this (abbreviating the homologous chromosomes as a single line): 
	Or this 
	Or simply
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	Et/et


As you know, the two alleles for the same gene are located in the same positions on the homologous chromosomes. So, in our little shorthand notation, we need to make sure that the alleles for a gene are always directly across from each other. Or, that the letters are in the same order on both sides of the slash, which comes to the same thing.

Which of the following are possible chromosome configurations?
[image: image15.png]


 
 a. EE/TT

 
 b. ET/et

 
 c. EE/Te


 d. ET/Te

Answer: b

Since the linked genes don't separate... 

Therefore, only 2 types of gametes can be produced. This makes the punnett square much easier to write out. 

	
	ET
	et

	ET
	ET/ET
	et/ET

	et
	Et/et
	et/et


Let's say Mr. and Mrs. Smiley both have the genotype ET/et. That means they are both hybrids, BUT they have only 2 types of gametes: ET and et. So instead of a 4 by 4 punnett square, you get a 2 by 2 punnett square:

And instead of the 4 possible phenotypes in a 9:3:3:1 ratio, there are only 2 phenotypes in a 3:1 ratio. 

A hybrid family
Try this Punnett square for this hybrid family. If you're confused about what combinations are possible, remember that we're assuming (for the moment) that the chromosomes can't break apart. So what's on the left of the slash MUST stay together, and likewise what's on the right MUST stay together.

	Mrs. Smiley 
	Et/eT

	Mr. Smiley 
	ET/et

	
	
	

	
	
	

	
	
	


As we've been saying, each parent has two possible gamete types. They combine to make three genotypes, and 2 phenotypes. 

The phenotypes are all normal vs. rabbit-toothed and bug-eyed, in a 3:1 ratio. (In other words, most of the kids are normal and a few are double-weirds). 

If you think this sounds a lot like a single-locus cross, you're right... but don't start to think it's always that easy 
Another hybrid family

Like I said, it's not always so easy. Here's a second family -- once again, both mom and dad are hybrids, and as such they are normal-looking. But the kids ...

	Mrs. Smiley 
	Et/eT

	Mr. Smiley 
	ET/et

	
	
	

	
	
	

	
	
	


Once again there are 3 genotypes, but they make 3 phenotypes: normal, rabbit-toothed, and bug-eyed, in a 2:1:1 ratio. In fact, for this couple, its impossible to get a double-weird kid, while for our first couple, it was impossible to get a single-weird kid.
But life is not so easy 

Life would be relatively easy if linked alleles would just stay put -- this is, if alleles on the same chromosome stayed on the same chromosome. If that was true, then each parent could only have 2 rather than 4 variations on their gametes, and the punnett squares would be easy to figure out.

However, just because two alleles start out on the same chromosome does not mean they stay there! Chromosomes can and do break apart and exchange sections with each other. Once that happens, other possibilities for gametes also exist. This process is called crossover. 
The key question is, how does crossover affect the proportions of offspring?  

Let's use Smiley as an example. 

	Here are the parental genotypes:

Mrs. Smiley

ET/et

Mr. Smiley

ET/et


	And here is the Punnett Square, assuming no crossover: 

ET

et

ET

ET/ET

et/ET

et

ET/et

et/et

Phenotypic ratio-> 3:1


But what if crossover affected these two alleles in 1 out of 10 cases (or more formally, if the recombination frequency is 10%)?

First step: 1 out of 10 chromosomes are now cobbled together out of two pieces. These cobbled together chromosomes will form non-standard gametes. So 10% of gametes will be non-standard. Moreover, there will be 2 kinds of nonstandard gametes. So 5% of gametes will be the first non-standard type, and 5% of gametes second non-standard type. 

On the other hand, 90% of chromosomes are 'standard', and these will split evenly into two kinds of standard gametes. 
This means the Punnett Square gets considerably more complicated again...

Here's how the Punnett Square gets more complicated ... 

 

	Parental genotypes:
Mrs. Smiley

ET/et

Mr. Smiley

ET/et


	Assuming no crossover:
ET

et

ET

ET/ET

ET/et

et

ET/et

et/et

Phenotypic ratio 3:1
	Assuming 10% crossover:
 

ET
45%
et
45%
Et
5%
eT
5%
ET
45%
ET/ET

et/ET

Et/ET

eT/ET

et
45%
ET/et

et/et

Et/et

eT/et

Et
5%
ET/Et

et/Et

Et/Et

eT/Et

eT
5%
ET/eT

et/eT

Et/eT

eT/eT

Phenotypic ratio?? It is not 9:3:3:1


Up until now, when we've dealt with Punnett Squares, we've always assumed that all the gametes appear with equal frequency. That is, if there are 4 kinds of gametes (4 rows and 4 columns in the table) then each type appears 25% of the time. Therefore we could count the squares in the phenotype part of the table (the purple area) to get the phenotypic ratios. For example, if 9 out of 16 phenotype squares were dominant-dominant, then 9 out of 16 offspring would (on average) have this genotype. 

THIS "phenotype counting" DOES NOT WORK ANYMORE! The reason is that some of the gametes are less common than others. So, we have to go back to the drawing board on figuring out the proportions of these different phenotypes.

	In a regular deck of cards, your chances of choosing a face card are 3/13 (or 0.23). Say you choose 1 card each from 2 decks. How likely is it that BOTH cards will be face cards? What rule of probability did you use? 

· The Law of OR says, if you need to know the probability of this OR that (assuming the two things are mutually exclusive), you have to ADD their individual probabilities

· The Law of AND says, if you need to know the probability of this AND that (assuming the two things are independent), you have to MULTIPLY their individual probabilities
Answer: 0.0529[image: image16.png]





An easy Question

	Assume both parents are ET/et, and the recombination frequency is 10%, so the chance of a gamete having the eT genotype is 5%.
What is the chance of a child having the eT/eT genotype? The only way this can happen is if the offspring inherits eT from Mom AND eT from Dad

· There is only one way to get the eT/eT genotype -- inherit eT from the mother AND the father. So there is no place to use the Law of OR here.

· To be eT/eT, you must inherit eT from your mother AND your father. So, yes, you need to use the Law of AND.
Answer: P(father is eT AND mother is eT) = 
P(father is eT) * P(mother is eT) = 
0.05*0.05 =
0.0025

	
	ET (45%)
	et (45%)
	Et (5%)
	eT (5%)

	ET (45%)
	ET/ET
	et/ET
	Et/ET
	et/ET

	et (45%)
	ET/et
	et/et
	ET/et
	eT/et

	Et (5%)
	ET/Et
	et/Et
	Et/Et
	eT/Et

	eT (5%)
	ET/eT
	et/eT
	ET/eT
	eT/eT


There is only one cell in this table with the genotype eT/eT, and you just calculated this occurs with a probability of 0.0025, or 0.25% of the time. 

However, there are other ways for a child to get normal teeth and bug eyes: eT/et or et/eT. Are either of these represented in the punnett square?

So now for a harder question:

	What is the total probability that a child will have normal teeth (TT or Tt) but insect eyes (ee)?

· Yes! There is more than one way to get normal teeth and bug eyes -- you could be eT/eT, eT/et, or et/eT. So you need to find the probability of each genotype and add them together.

· Yes again. For any cell in the Punnett Square, you have to inherit a certain genotype from your mother, AND a certain genotype from your father. If you multiply those probabilities, you get the probability of landing in that cell of the Punnett Square.
Answer: P(et&eT) + P(eT&et) + P(eT&eT)        
= 0.45*0.05 + 0.05*0.45 + 0.05*0.05 
= 0.0225 + 0.0225 + 0.0025 = 0.0475, or almost 5%![image: image17.png]


  


How about a general rule? 

As you know, 2 genes give 4 different phenotypes. How can you determine the likelihood of any given phenotype? Here is a general procedure:

1. Find all cells in the Punnett Table corresponding to that phenotype.

2. Find the likelihood of those cells by multiplying the probabilities associated with the mother's and father's contributions (i.e., the row and column probabilities) using the Law of AND.

3. Find the total probability of the phenotype by adding all the cell probabilities using the Law of OR. 
	R. F. = 10% 
	ET
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45% 
	et
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45% 
	Et
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5% 
	eT
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5% 

	ET
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45% 
	ET/ET
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20.25% 
	ET/et
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20.25% 
	ET/Et
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2.25% 
	ET/eT
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2.25% 

	et
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45% 
	et/ET
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20.25% 
	et/et
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20.25% 
	et/Et
[image: image30.png]


2.25% 
	et/eT
[image: image31.png]


2.25% 

	Et
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5% 
	Et/ET
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2.25% 
	Et/et
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2.25% 
	Et/Et
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0.25% 
	Et/eT
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0.25% 

	eT
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5% 
	eT/ET
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2.25% 
	eT/et
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2.25% 
	eT/Et
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0.25% 
	eT/eT
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0.25% 


OK, so let's give it a try: click on each button below to find the probability of that phenotype, assuming a 10% recombination frequency.
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	3(20.25) + 4(2.25) + 2(0.25)
	70.25
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	2(2.25) + 0.25
	4.75
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	2(2.25) + 0.25
	4.75
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	20.25
	20.25


A 'regular' (non-recombinant) double-hybrid cross results in a 9:3:3:1 ratio -- or, if you had 100 babies, this is the same as a 56:19:19:6 ratio (approximately). (Math note: the 9:3:3:1 ratio assumes 16 babies, and you can convert this to a ratio involving 100 total babies by multiplying by 100/16). 

The recombinant double-hybrid cross results in a 70:5:5:20 ratio. Quite a difference (lots more really weird looking kids).

Fun with map units... 

The rate of crossover depends on a lot of things like species, gender, age, and so on, but most importantly (for our purposes), it depends on distance between the genes.

This concept is so important that geneticists talk about distance in "map units", where 1 map unit = 1% probability of crossing over. 

By the way, what is the maximum rate of crossover? You might be tempted to say "100%" (I know I am). However, talking about a 100% crossover rate doesn't really make sense. In fact, at a crossover rate of 50% or more, you can't tell the difference between linked genes and unlinked genes. So the highest crossover rate that makes sense is 50%, or 50 map units. 

If you like Sudoku, you'll love map units. Give them a try:

· Genes A and B crossover at a rate of 10%, 

· Genes A and C crossover at 7% 

· Genes B and C at 17%.

	Solution

	Start with B and C, since they are the farthest apart
	
[image: image46.png]17





	A has to be BETWEEN B and C, so this is the only place it can go, 7 map units from C.
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	Just to verify, A is also 10 map units from B
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	P and T → 11%

T and O → 10%

P and O → 1%
	U and N → 5%

G and S → 33%

U and S → 21%

N and G → 7%


Answers: POT or TOP, GNUS or SUNG 
The farther apart the genes are , 
the more they act like they're unlinked 

Back to genes, the ultimate in being far apart is to be on different chromosomes. Then the genes assort independently. But, two genes can be really far apart on the same chromosome, and they get split apart so often by chance that they assort almost independently. Or, they can be so close together that they almost never separate. 

Keep thinking about the double hybrid cross ET/et x ET/et:

· If the genes are completely linked (no crossover), then we can only get the phenotypes [image: image49.png]


and [image: image50.png]


for offspring, in a 3:1 ratio. 

· If the genes were to assort separately, we would get all 4 phenotypes in the familiar 9:3:3:1 ratio. 

So look what happens when we allow the crossover rate to increase or decrease:

	The online version of this module contains an interactive module that allows you to see how increase and decrease in cross-over rates affects phenotypic ratios. To fins this applet, go to: http://www.mathbench.umd.edu/modules/prob-stat_recombination/page15.htm
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Putting it all together 

In an amazing feat of time-travel technology, Captain Kirk and Luke Skywalker have met in a bar on Vogon, and after several beers, they begin to discuss alien physiology.

Kirk starts by saying that Spock once told him that occasionally, a Vulcan child would be born without pointy ears, and that that child would also seem to be lacking in the ability to mind-meld. 

" What an amazing co-incidence!" exclaimed Luke. It turns out that his erstwhile Jedi master, Yoda, had said much the same thing about young ... um, what kind of children would Yoda have, anyway? OK, young Yodites, who when round-eared seemed unable to Use the Force. 

Kirk called over Bones (aka Dr. McCoy) who acerbically noted that he was "a doctor, not a damned genetics student". However, Bones did allow that one cause of this odd pattern might be that the genes for pointy-earedness and for psionic power might be linked in both species (Vulcans and Yodites, that is). 

"You mean we should get the same pattern in Vulcans and in Yodites?" interrupted Kirk excitedly.

"No, captain. If you would let me finish for once -- Vulcans and Yodites are different species, from different parts of the galaxy and different millenia. They are unrelated. You would have to test whether the genes are linked in Vulcans, and do a completely separate set of tests in Yodites."

"Great," enthused Kirk. "Make it so!"

Bones walked away with a new data collecting mission and a new headache.

Spock's Ears 

One commercial break and several hundred computer searches later, Bones had assembled data on reproductive patterns in heterozygote Vulcans and Yodites (i.e., EPep x EPep crosses, where E and e are ear shape, and P and p are psionic power), with the following results:

	 
	Vulcans
	Yodites

	pointy (E), 
psionic (P) 
	122
	104

	pointy (E) ,
non-psionic (p) 
	21
	8

	rounded (e), 
psionic ( P) 
	20
	20

	rounded (e), 
non-psionic (p) 
	37
	18


"Great!" enthused Kirk again, rubbing his hands. "Let's start with the Vulcans. What do we do next?" 

"Well, captain, first we need to check that each gene is acting according to normal rules in each species"

"Normal rules? What, do you expect them to be out partying?"

Bones sighed. "No, but normally if a gene is dominant, three-quarters of the offspring of a heterozygote cross should exhibit the dominant phenotype, while one-quarter should exhibit the recessive genotype. That's what we need to test for. You following me?"

"Uh ... sure."

[image: image56.png]


"Alright then. Let's see, I get 143 pointy-eared vulcans and 57 round-eared vulcans. That looks like about a 3 to 1 ratio. Better do a chi-square test to make sure:

	
	observed ("o") 
	expected ("e") 
	(o-e)
	(o-e)2
	(o-e)2/e

	pointy-eared
	
	
	
	
	

	round-eared
	
	
	
	
	

	Total
	200
	200
	 
	 
	


Answer: df = 1; chi-square-calc = 1.31, which is not bigger than 3.84, so the data fit the model.
"You still awake there, captain? How about you do the test for psionic vs. non-psionic powers...
	
	observed ("o") 
	expected ("e") 
	(o-e)
	(o-e)2
	(o-e)2/e

	psionic
	142
	150
	-8
	64
	.43

	non-psionic
	58
	50
	8
	64
	1.28

	Total
	200
	200
	 
	 
	1.71 


"Well," continued Bones, "it looks like the gene for pointy ears does assort randomly in Vulcans. And so does the gene for psionic powers."

"So we're done, then?" asked Kirk hopefully.

"No, that was just setting the stage. Now that we know each gene acts normally on its own, we can predict what they should do together, assuming they're not linked."

"Wait, shouldn't we assume they are linked? I mean, aren't you going about this backwards?"

"No, Jim. If we assumed they are linked, we wouldn't know how closely linked they are. S o we couldn't make any hard-and-fast predictions and then we wouldn't be able to do any statistics, and that would be a shame."

"Hmm," murmured Kirk. 

"Glad you agree. Now we need to see whether the ratios of the four phenotypes fit the famous Double Hybrid ratio. Remember that one?"

"You mean the 9:3:3:1 ratio?"

"Yup, that's the one. Does it look like the phenotypes fit that ratio?"

"Well, 9:3:3:1 would mean that there are a lot of the homozygous dominant phenotype, and only a few of the homozygous recessive, and an intermediate number of the others. No, that doesn't seem like what's going on. Actually there are more rounded-eared non-psionic vulcans running around than there should be." 

"I agree. So, go ahead and set up that test -- if you can disprove the 9:3:3:1 ratio, that's the clincher."

	group
	observed (o)
	expected (e)
	(o-e)
	(o-e)2
	(o-e)2/e

	pointy (E), 
psionic (P)
	122
	112.5
	9.5
	90.25
	0.80

	pointy (E) ,
non-psionic (p)
	21
	37.5
	-16.5
	272.25
	7.26

	rounded (e), 
psionic ( P) 
	20
	37.5
	-17.5
	306.25
	8.17

	rounded (e), 
non-psionic (p)
	37
	12.5
	24.5
	600.25
	48.2

	Total
	200
	200
	
	
	64.25


Very interesting... Or as Spock would say, “fascinating." What did this final test reveal? 

Yoda's Ears 

	 
	Vulcans
	Yodites

	pointy, 
psionic 
	122
	104

	pointy,
non-psionic
	21
	8

	rounded, 
psionic
	20
	20

	rounded, 
non-psionic 
	37
	18


"Maybe we should send the Yodite data over to the Jedi to figure out," suggested Kirk while stifling a yawn and reaching for some technologically advanced potato chips.

"Naw, we can do it here. It'll be easy."

"Uh huh. So basically we have to go through the whole thing again, starting with making sure each of the genes is playing by the rules separately?" 

"Yup. Let's see, we should get a 3:1 ratio for ear shape (112 vs. 38) and for psionic powers (124 vs. 26)"

"Hold on," interrupted Kirk, "I may not be a doctor, but I am a ship captain, and that means I'm good at one thing anyway."

"What, impressing 23rd century girls?" 

"No, Bones, strategy. If we want to get out of this fake conference room anytime soon, we need to show that at least one of the genes is NOT playing by the rules. And the most likely candidate is the gene for psionic powers. 124 vs. 26 really is not very close to a 3 to 1 ratio. Attack the weak spot."

"OK, fine," grimaced Bones. "Here's a chi-square table:"

	
	observed (o) 
	expected (e) 
	(o-e)
	(o-e)2
	(o-e)2/e

	psionic
	
	
	
	
	

	non-psionic
	
	
	
	
	

	Total
	150
	150
	
	
	


"Fascinating," declared Kirk in his best Vulcan manner, again. "What does it mean?" 

"Well, the chi-square calc is higher than the chi-square crit for 1 degree of freedom, so the null hypothesis that the gene assorts randomly must be rejected. Oh, heck, I'm a doctor, not a statistician.... It means that not nearly as many psionic Yodites were produced as there should have been. Almost like they were dying out before they got counted, or something."

"You mean like being psychic was too great a stress on the infants?"

"Maybe, but who knows? There could be a lot of different explanations."

"So does that mean we get to stop? We can't keep going with our tests?"

"Yup. That's the end of the line. Since the psionic gene doesn't assort randomly, we can't make any prediction about the ratio for the dihybrid cross. And therefore we don't have any way to test whether the genes are linked or not linked. Not until someone does more research into these missing psychic Yodites. And don't be looking at me like that. It was in a galaxy far away and long ago." [image: image52.png]



Recomb - Review

If two genes are linked, they are on the same chromosome. Because the two chromatids of the chromosomes are mirror images of each other, we can indicate linked genes like this: AB/ab, where the letters before the slash indicate the alleles on one chromatid, and the letters after the slash indicate the alleles on the other chromatid. (It's important that each gene is represented on each chromatid, and in the same order).

If the chromatids always stayed 'whole' during meiosis, then there would be only 2 gamete types for a given genotype, rather than the four that we usually expect when two genes are involved. One gamete type would be the alleles before the slash, and the other would be the alleles after the slash. 

Because chromatids break apart and recombine, there are also 'recombinant' gametes which have one allele from each chromatid (one from each side of the slash).

The recombination frequency tells you how often chromatids break apart. If the recombination frequency is x, then each of the two recombinant gametes will appear with a frequency (probability) of (x/2)%.

In two linked genes with recombination, the phenotypic ratios we expect (i.e., 9:3:3:1 for a dihybrid cross) do not happen. Finding the frequency of a phenotype works like this:

1. Draw a punnett square. 

2. Determine all row-column combinations that lead to the desired phenotype.

3. For each combination, multiply the probability of the row by the probability of the column (Law of AND).

4. Add up all the products (Law of OR). 

The frequency of recombination (cross-over) depends on how far apart the genes are on the chromosome, which is measured in map units. One map unit = 1% chance of crossover. If you know the map units between 3 pairs of genes, you can determine the order of the genes on the chromosome.

The farther apart the genes are, the more they act like they're unlinked. At the extreme, a cross-over rate of 0% would mean the genes never recombine, while a cross-over rate of 50% means that the genes cannot be distinguished from unlinked genes, because each gamete occurs 25% of the time.

To test whether two genes are linked, you FIRST need to test whether each gene assorts independently. For example, if you have a dihybrid cross (AaBb x AaBb), then when you aggregate the A phenotypes vs. the a phenotypes, you should have a 3:1 ratio. This can be tested with a chi-square (1 degree of freedom). If each gene does not assort independently, then you can't make predictions about the combined phenotypic ratio, and you can't test whether the genes are linked (NOTE: this is not the same as proving the genes are not linked -- its just an admission of defeat, because you can't prove anything one way or the other). If the initial tests of independent assortment work, then you can go on to test the combined phenotypic ratios, which in the case of a dihybrid cross should be 9:3:3:1, using a chi-square. If the test shows that the observed ratio is different, then you have evidence suggesting the genes are linked.
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