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Measurement:

Serial Dilution: 

Counting Small Round Things

URL: http://mathbench.umd.edu/modules/measurement_serial-diution/page01.htm
Note: All printer-friendly versions of the modules use an amazing new interactive technique called “cover up the answers”.  You know what to do…
Scaling Up

In this module, we're going to consider some practical implications of counting bacteria. Primarily, we're going to deal with 2 questions: 

1. how do I count something that runs into the millions or billions?

2. what are the pitfalls?

We'll talk about a specific method (serial dilution, plating, counting, and scaling up), but I want to make it clear at the outset that the problem of counting huge numbers of things is not at all unique to counting bacteria. Many of the same issues (scaling up, error propagation) apply to other things that people want to count, like insects, birds, contaminants, pollutants, human population ...

So, we're going to start by talking about scaling up.

Richard Feynman, one of the most celebrated physicists in modern times, was famous for beginning his first-year honors physics class at Caltech by asking the students to estimate how many barbers work in Chicago. Presumably he was not interested in getting a haircut. Instead, he was (in part) asking his students to "scale up" an estimate based on small sample.

So, for example, you might estimate that in one square urban mile there is on average one barber shop (just barbers, not hairdressers) with 2 barbers. And the area of Chicago is about 2100 square miles (according to Wikipedia). So,

If there are 2 barbers per square mile, and 2100 square miles in Chicago then how many barbers are there in Chicago?

The answer of course is 2100*2 = approximately 4200. And in fact you would be approximately right. According to one website, there are 4140 barbers in Chicago in early 2006 -- and according to that same website, this is a question sometimes used in job interviews to determine how well candidates think on their feet. Talk about far-reaching applications of mathematical concepts!

So let's try a few more:

	How many plastic shopping bags are used per year in the U.S.?

Clearly this is not something you want to go out and count. But without doing a few calculations, its impossible to make even an informed guess. Is it billions? trillions? more? Instead, try making an informed guess, based on your own use of plastic bags, and a US population of 300 million people... 

· How many bags do you use per day? For example, if you shop for groceries once a week and go to some other stores daily, you might use about 4 bags per day.

· You need to multiply your own use by 365*300 million. 

Answer: your daily use * one hundred billion


 In fact, according to reusablebags.com, the number is about 4.6 * 10^11, or 460 billion.

Notice that I am being a little cavalier with the numbers here. I say I use "about" 4 bags a day, and multiply by "about one hundred million". Not only is it OK to be a little vague, its absolutely necessary, otherwise you're claiming more knowledge than you actually have. Saying:

Americans use about 4.6 hundred billion bags/yr is a reasonable statement. But saying Americans use 304,339,593 * 365 * 4 = 444,335,805,780 bags/yr 
is ridiculous, and it makes you sound like a pompous know-it-all to boot. For one thing, the U.S. population has changed since I wrote the above equation. For another thing, "4 bags a day" was only a rough guess. (And technically years have 365.25 days).

So, I really don't know how many bags were used, but if I did enough research, I hope to be able to say "between 4 and 5 hundred billion", or even "in the hundred-billion range". In other words, not trillions, not millions, but hundreds of billions.

Scaling Up Small Round Things

The next problem is easy, but don't skip it:
	M&M's

How many m&m's are there in a one-pound bag, if a bag weighing 1/11 of a pound has 35 m&m's?

· 11 of the little bags would go into one big bag

Answer: about 35*11 = about 400 m&ms. 


Yes, I know 35*11 is 385, but do you really want to claim that a pound of m&m's contain exactly 385 pieces? Based on me eating -- I mean, counting -- a single fun-size pack?

Also, notice in this problem I didn't tell you how much the small bag weighed, only that it contained 1/11 of the amount of a large bag. Still, you probably found it easy to determine that you needed to multiply by 11. This is called "multiplying by the reciprocal." 

Reciprocal, in this case, means what you get when you flip a fraction upside down. It's the "over" part of "one over eleven". 

And (yes, this is a biology class):

	Bacterial contamination: 

Some students are measuring bacterial contamination. They take a very small sample of the contaminated food -- about one-ten-thousandth (1/10,000) of the container -- and count 49 bacterial cells. How many bacteria were in the original container of food?

· The students took a 1/10,000 sample, so what do they need to multiply by?

· Multiply the number found by the reciprocal of 1/10,000

Answer: about 490,000. 


Again, when we say "about 490,000", we really mean "more than 485,00 but less than 495,000." There are statistical ways to determine exactly what range you think the anwer lies in, but we'll save that for a different module. 

If you found this last problem easy, that's great. Multiplying by the reciprocal of your sample size is the heart of counting bacteria by the serial diluation method. The rest is just technique. 

Speaking of technique ... just how did those students get a sample of 1 ten-thousandth of the bacteria in their food? I know kids have a hard time just dividing a cookie into 3 equal pieces. Well, that's where the technique comes in. Basically, it's awfully hard to divide something into teeny-tiny pieces unless you first blow that something up and make it huge.
Serial dilution?
1. Serial dilution means you do a series of dilutions, where each dilution gets you closer to your goal.

2. Each solution can be seen as a conversion of a concentrated stock into a diluted stock. This is pretty obvious when you’re dealing with factors with of 10 or 100, but could be trickier if you had to use less comfortable numbers.

3. It really doesn’t matter how much stock you start with, the important thing is to take out the right fraction of it (a tenth, a hundredth) and then add enough water to get back to the initial volume. 

Serial Dilution: How it works 

Frequently, you will find it necessary to add water (or some other medium) to a stock with a known concentration to make a more dilute solution. 

Why would you want to do this? Let's say you need to get 1/10,000th of a mL in order to count the bacteria in it. That would be pretty difficult with a pipette. But instead, you could 

1. Take that 1 mL and put it in 99 mLs of saline solution. You still have the same number of bacteria, but now they're spread out. 

2. Now you can take 1 mL of THAT solution, add it to a new container, top off with 99mLs of water, and you'll have only 1/100th of the original bacteria in the mL. 

3. Pull out 1 mL of this latest mixture, and you'll have 1/100th of 1/100th, which is (multiplying the fractions together) 1/10,000th. 
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When you do serial dilutions, you multiply together all of the dilution factors. Make sure you are clear on what constitutes a dilution factor. When I add a small amount of the concentrated stuff to an empty container, "top it off" with saline/water/whatever, then remove some small amount, this constitutes a dilution. So above, even though its broken down into 3 steps, there are really only 2 full dilution steps.

When in doubt, try to think it through logically. Often it helps to think through the whole process using some concrete number. For example: "I started with 300,000 cells in a mL, put those into 99 mLs of saline, and took out a mL, so there must have been 3,000 cells in that mL. Then I put those 3,000 cells into 99 mLs of saline, and took out one mL again, so there must have been 30 cells in that mL. Overall my dilution must have been to 30 from 300,000, which is the same as to 1 from 10,000 (1:10,000)." Of course, the idea that you started with 300,000 cells is pure fiction, but it can help you make sure that you've done the dilutions correctly.
	Put one mL of a stock into 99 mLs of water. Take 1 mL of that and put it in 999 mLs of water. What is the total dilution? 

· Assume that you start with 1,000,000 cells in one mL of solution

· After first dilution, you are left with 10,000 cells in one mL of solution

· After second dilution, you are left with 10 cells in one mL of solution

· Multiply two dilution factors to get the total dilution
Answer: 1:100,000


	Start with a 1:1000 dilution someone else has made. Take 1 mL and put it in 99 mLs of water. What is the total dilution?

· Assume that you start with 10,000 cells in one mL of solution

· After first dilution, you are left with 100 cells in one mL of solution

· First dilution factor is 1:100

· Multiply the dilution factor you obtained with the initial dilution factor to get the total dilution

Answer: 1:100,000 


	Put one mL of a stock into 49 mLs of water. Take 1 mL of that and put it in 49 mLs of water. What is the total dilution?

· Assume that you are starting with 20,000 cells in one mL of solution

· After first dilution you are left with 400 cells in one mL of solution (20,000/50)

· After second dilution you are left with 8 cells in one mL of solution (400/50)

· Multiply two dilution factors (1/50 * 1/50) to get the total dilution

Answer: 1:2500 




	Put one mL of a stock into 99 mLs of water. Repeat 3 more times. What is the total dilution?

· Assume you are starting with 1,000,000,000 cells in one mL of solution

· After first dilution you are left with 10,000,000 cells in one mL of solution (dilution factor 1:100)

· Dilution factor is the same each time

· Multiply all four dilution factors to get total dilution

Answer: 1:100,000,000 


	Start with a 1:10,000 dilution someone else has made. In order to get a 1:100,000 dilution, you need to put 1 mL into __ mLs of water.

· Determine the dilution factor to get 1:100,000 dilution from 1:10,000 dilution

· Dilution factor is 1:10

· You need to have 10 mL of solution to get 1:100,000 of dilution

Answer: 9 




	Starting with a dilution made by a TA, you add 1 mL to 49 mLs of water to get a 1:500,000 dilution. What was the TA's dilution factor?

· Your dilution factor is 1:50

· Divide final dilution with your dilution factor to get initial dilution

Answer: 1:10,000 


Pick your plate

If we put dilution and scaling up together, we can estimate the number of bacteria in the original sample. For example:

	If a 1:10,000 dilution results in a plate with 176 CFUs, then the original number of bacteria in the sample?

· Remember you have basically counted 1/10,000th of the original bacteria.

· Multiply by the reciprocal of the dilution factor

· Don't forget that we're only reporting 2 significant digits.

Answer: approximately 1,800,000. 


Pretty easy, right? The only tricky part is that you don't know in advance how far to dilute your original sample. Let's see what happens if you always count a 1:10,000 diluted sample. If your original solution contained...

· 50,000,000 bacteria: the 1:10,000 sample will contain about 5,000 CFUs. You would be counting all day (and the CFUs overlap and its a mess).

· 500,000 bacteria: the diluted sample will contain about 50 CFUs, which is both easy to count and valid for scaling up.

· 50,000 bacteria: the diluted sample will contain ON AVERAGE 5 CFUs. But remember that diluting and sampling is bascially a random process, and imagine the havoc caused by one extra CFU ending up in your pipette -- suddenly you estimate the population as 60,000 rather than 50,000, and you're off by 20%.

· 5000 bacteria: the diluted sample will contain ON AVERAGE 0.5 CFUs -- meaning that any given sample will probably contain either 0 or 1 CFU. This will be easy to count, but its not valid for scaling up.

So here's the general rule: in order to be valid, the plate that you scale up should contain between 25 and 250 CFUs. Any more than 250 CFUs can cause overlap, and you'll underestimate the population size. Any fewer than 25 makes your estimate vulnerable to over- OR under-estimates based on random chance alone.

So the real trick here is picking the correct dilution. For the 50 million bacteria case, 1:1,000,000 would have been a good dilution facter. For the 5 thousand bacteria case, 1:100 would have done the trick. And since you can't know ahead of time what that is, instead you'll need a series of dilutions.

A series of dilutions ensures that one of these dilutions will be in the countable range (25 to 250 CFUs).

Using serial dilution to count bacteria

So let's put this all together. We would like to count the bacteria in a particular sample, and we think that there should be in the neighborhood of 10 million cells per mL. 

Ideally, therefore, we would like to get 100 bacteria on the plate that we count. That would be a dilution factor of 100:10,000,000, or 1:100,000. And to give ourselves a little wiggle room, we should start at least 1 dilution before that, so 1:10,000. Then we'll do three more 1:10 dilutions to get our series.

For each table below, which plate should be used to estimate the original concentration of bacteria:
	Dilution factor
	1:10,000 
	1:100,000 
	1:1,000,000 
	1:10,000,000 

	count 
	475
	48
	4
	0

	Answer : About 4,800,000 cells/mL


Pretty straightforward, right? Below, you can practice a couple more times. I also included a few unusual situations ... things do go wrong, of course, and you should be able to recognize that. If you think the dilution series is not valid, click on "re-do the dilution". 
	Dilution factor
	1:100,000 
	1:1,000,000 
	1:10,000,000 
	1:100,000,000 

	count 
	TNTC*
	674
	68
	7

	Answer : About 680,000,000 cells/mL


	Dilution factor
	1:100,000 
	1:1,000,000 
	1:10,000,000 
	1:100,000,000 

	count 
	375
	105
	11
	1

	Answer : Redo the dilution because the second plate seems to have too many CFUs


	Dilution factor
	1:100
	1:1000 
	1:10,000 
	1:100,000 

	count 
	TNTC*
	249
	24
	0

	Answer : About 24,900 cells/mL


	Dilution factor
	1:10
	1:100
	1:1000 
	1:10,000 

	count 
	954
	96
	10
	0

	Answer : About 9,6000 cells/mL


 
	Dilution factor
	1:10,000
	1:100,000
	1:1,000,000 
	1:10,000,000 
	1:100,000,000

	count 
	TNTC*
	567
	58
	12
	1

	Answer : about 58,000,000 cells/mL 
Note: Although it looks like something happened to the 4th plate, it doesn’t affect the plate you will use.


 * TNTC means “too numerous to count”
Once more with Resolution

Before you head off, I just want to say a few words about resolution. 

Even if you have perfect technique in mixing and pipetting, you cannot determine the exact number of bacteria present in your sample. This is an unavoidable consequence of diluting and scaling up. 

Let's imagine that we have a sample with exactly 183,000 cells per mL. And let's say that our technique is flawless. If we count a 1:10,000 diluted plate, we should find 183 CFUs (remember, we have magically flawless technique). But the exact same thing would happen if our sample started with 183,001 cells. Or 183,100 cells. Or 183,400 cells. Or 182,800 cells. In fact, even with our absolutely flawless technique, the best we can say is that there are between 182,500 and 183,500 cells. So our absolutely unavoidable error is plus or minus 500/182,000 -- about0.27%. That's pretty good.

Let's look at some other ways we could count the same 183,000 cell sample:

	Dilution Factor
	Plate count
	Resolution
	Ease of counting

	1:1000
	1830
	+/- 50          0.027%
	NOPE, can't do it

	1:10,000
	183
	+/- 500        0.27%
	Boring, but do-able

	1:100,000
	18
	+/- 5000      2.7%
	Easy

	1:1,000,000
	2
	+/- 50,000   27%
	Chimpanzees can do this


So you can see that the 25 to 250 guideline is really a compromise between the ability to distinguish non-overlapping CFUs, and the resolution afforded by the scaling up component. 

You be the scientist 
	The online version of this module contains an interactive applet which allows you to practice the whole process of serial dilution from beginning to end. To find this applet go to: http://mathbench.umd.edu/modules/measurement_serial-dilution/page08.htm 
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Review

Scaling up is technique used to estimate the size of huge population of bacteria based on the calculations from smaller sample.

Serial dilution is a step by step dilution of concentrated solution into diluted solution, where each dilution gets you closer to your goal.

You can multiply together all of the dilution factors to get total dilution factor.

It is very important to dilute sample up to a certain extent, so that the number of cells/bacteria are in countable range. If after a dilution, the number of cells/bacteria is between 25 and 250, they are both easy to count and valid for scaling up.

It is also important to know that even if you have perfect technique in mixing and pipetting, you can only estimate the number of bacteria present in your sample. It is impossible to know the exact number of bacteria.
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