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Introduction

We're going to start with the laws of probability – two of them, to be exact. If you master these 2 laws, everything else will be easier. They are called 
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All Life's a Game (Show)

Let's say you are on a game show, with several fab-u-lous prizes: a 5-speed automatic washer-dryer, a deluxe self-cleaning toaster-oven with broiler, a one-week all-expenses-paid Tropical Getaway, or the consolation prize of 2 dozen pet rocks. Your chances are as follows: 

	Prize
	Chances

	Washer-dryer 
	5% 

	Toaster Oven 
	10% 

	Tropical Getaway 
	1% 

	Pet Rocks
	84% 


Furthermore, the rules of the game show state that you will win one and only one prize. 
	What are your chances of winning a household appliance? 
(in other words, the washer-dryer OR the toaster oven?)

· the chance of winning washer-dryer is 5%; the chance of winning the toaster oven is 10%.

· simply add the two probabilities together: 5% + 10%. 

Answer: 5% + 10% = 15% 


The Law of OR

	The chances of one event OR another event occurring 
= 
the sum of the chances of each event separately.
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In somewhat shorter form, let's call the first event E1 and the second event E2. In this case E1 would be the washer-dryer, E2 would be the toaster. And let's abbreviate "the probability of E1" to simply P(E1). Then we can say: 


P(E1 or E2) = P(E1) + P(E2) 

This looks a lot more Official and Impressive, but remember that the basic idea is, add the chances together if you want to know the probability of one thing or another thing.

	What is the probability of winning any of the non-tropical-getaway prizes?

· P (washer-dryer OR toaster oven OR petrocks)
= P (washer-dryer) + P (toaster oven) + P (petrocks) 

Answer: 5% + 10% + 84% = 99% 


Some Fine Print Relating to the Law of OR

Once again, The Law of OR says, if you need to know the probability that one thing OR another will take place, just add their separate probabilities. 

Of course its not (quite) that simple. Here's the fine print: the events in question have to be mutually exclusive. In other words, you will win one prize, but not two, or three, or four. 

Here are some mutually exclusive events: 

· Your mother offers you cake OR a brownie for dessert. 
You can't get both! 

· Your friend is pregnant OR not pregnant; 
as we all know, there's no such thing as a little pregnant. 

· You have one dollar. You can buy fries OR a donut OR a small milkshake, 
but after you buy one thing, your money's gone, you're out of luck. 

Here are some non-mutually exclusive events: 

· Your grandmother offers you cake OR a brownie OR both. 
But take both dear, you're too skinny! 

· Your friend has a cold OR a flu OR maybe both, 
she looks so miserable. 

· You just got paid, to celebrate you could get fries OR a donut OR a small milkshake
OR any combination of the above. 
Which of the following sets of choices are mutually exclusive?

	The chance of rain or snow in the forecast tomorrow? 

· it could be both

·  not mutually exclusive 

Answer: NO


	The likelihood that you left your keys in your pocket or your backpack? 

· keys can only be in a single place at once

· Hnit: the two possibilities are mutually exclusive (but again, not exhaustive) 

Answer: YES


	The chance that your father or your mother have curly hair? 

·  its possible that both of your parents could have curly hair

· these are not mutually exclusive

Answer: NO 


What if you violate the fine print?

	Prize
	Chances

	Washer-dryer 
	5% 

	Toaster Oven 
	10% 

	Tropical Getaway 
	1% 

	Pet Rocks
	84% 


Here is the original table of probabilities. You can see that the chance of winning a major prize 
(washer-dyer, toaster, or getaway) = 16%. 

Let's say we want to figure out the chance that you will win an appliance OR a major prize. 

If you blindly apply the Law of OR, you would write:
P(major prize OR appliance) = P(major prize) + P(appliance) = 16% + 15% = 31%.

Pretty good odds! But don't get too excited yet. The problem is that we "double-counted", 
because your chances of winning the toaster or the washer-dryer both got counted twice! 
Really, your chances should be: 
P(major prize OR appliance) = P(getaway OR appliance) = 1% + 15% = 16%.

In fact, there is a rule that allows you to correct for the effect of double-counting, but we're not going to go into it here -- and in any case, you can only use it if you know how much double-counting is happening. 

In general, though, if two probabilities are not mutually exclusive, you can't add them, which means you can't figure out the probability of one event or the other. Sorry! 

Can you determine the probability that one OR the other event will occur, using the information given?

	The chance of rain or snow tomorrow, given that P (rain) = 10% and P (snow) = 1% 

· the chances of rain and snow are not mutually exclusive

· it could be both 

Answer: we can't say anything


	The likelihood that you left your keys in your pocket or your backpack, given that P(pocket)=10% and P(backpack)=80%

· keys can be in one place, so we can use the Law of OR to get P (in pocket OR in backpack)

· 10% + 80% 

Answer: 10% + 80% = 90%


	The probability that your father or your mother has curly hair, given that the probability of curly hair in a population is 30% 

· its possible that both of your parents could have curly hair

· these options are not mutually exclusive 

Answer: we can't say anything


Moving Right Along: the Law of AND

Here's my concept for a very low-budget game show. First, the host picks the prize according to the table above, then he decides which of 3 doors to hide the prize behind. Then the contestant comes out and she picks a door. When she opens the door, either the room behind it is empty, or she has won a prize. Here's an example for ONE DAY: 

	Door 1 

no prize! 
	Door 2 

(3%) A tropical
getaway!!!!
OR
(80%) a toaster
OR 
(17%) a washer-dryer
	Door 3 

no prize! 


Essentially when the contestant picks a door, she is hoping that the prize is behind that door AND that it's a tropical getaway (or maybe if she's an overworked Mom she's hoping its a washer-dryer, poor lady). 

What are the chances? 

Well, first off we clearly can't use the law of OR here. She's not hoping its behind door 2 OR it's a trip to Disney World. And even if she was, the two events are not mutually-exclusive. Nope, she's hoping that both will happen and soon she'll be sipping tequila on the beach.

And the Law of AND is ... 
So, she has a 1/3 chance of guessing the right door, and a 3% chance of getting the plane trip. Another way of saying this is, even if that day's prize is the tropical getaway, she only has a 1/3 chance of opening the right door, or 1% chance of actually finding that prize. 

Coincidentally, 3% * 1/3 = 1%. Or maybe it's not a coincidence. (Cue spooky music). 

In fact, the Law of AND states that when you what event 1 AND event 2 to occur, you need to MULTIPLY their individual probabilities, or 
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	If in general the prize can be behind any of the three doors, and the possible prizes are getaway (3%), washer (17%) and toaster (80%), what are the contestant's chances of winning the toaster?

· you need to find P(door 1 is correct AND prize = toaster)

· P(door 1 is correct AND prize = toaster) = P(door 1 is correct) * P(prize = toaster) 

Answer: 0.33 * 0.80 = 0.27


P(E1 and E2) = P(E1) * P(E2) 

	Assume the conditions are exactly the same as above, except that 25% of the time the prize goes behind door 1, 25% behind door 2, and 50% behind door 3? If the contestant chooses door 1, what are her chances of winning the toaster?

· door 1 is correct AND prize = toaster 

· P(door 1 is correct) * P(prize = toaster) 

Answer: 0.25 * 0.80 = 0.20


More Fine Print ... this time the Law of AND 
In order for the Law of AND to work, the two events have to be independent. What does that mean? It means that one event does not influence the other. The fact that one event has occurred does not make the other more likely.

For example, getting hurt and going to the hospital are NOT independant events. My chances of getting hit on the head by a falling tree this year are maybe 1 in a hundred, or 1%. My chances of going to the emergency room this year are maybe also 1%. So using the Law of AND, my chances of getting hit in the head would be 1% * 1% = 0.01 * 0.01 = 0.0001 = 0.01%, or one-hundreth of a percent. 

But in fact, IF I get hit in the head, I'm likely to want to go to the hospital for that very reason. So, the two events are NOT independent!! And my chances of getting hit in the head and going to the hospital are much bigger than 0.01%. Maybe more like 0.5% (about half the time that I get hit in the head I go to the hospital). 
Some more examples of independence: 

Here are some INDEPENDENT events: 

· You flip a coin and get a heads and you flip a second coin and get a tails. 
The two coins don't influence each other. 

· The probability of rain today and the probability of a pop quiz; 
Quizzes happen, rain or shine. 

Here are some NON-INDEPENDENT events: 

· You draw one card from a deck and its black and you draw a second card and its black. 
By removing one black card, you made the probability of drawing a second one slightly smaller. Technically this is called 'sampling without replacement'. 

· The probability of snow today and the probability of a pop quiz; 
Snow causes school closings, in which case your teacher can't give you a pop quiz. 

· The chance that you are hungry right now and the chance that you're eating right now
Obviously one leads to the other eventually ... 

Showing that two events are truly independent events can be difficult, because you have to show that they don't influence each other at all. However, lots of events are mostly independent, and therefore we can treat them as independent. 

What if you violate the Fine Print?
Let's say the weatherwoman says the chance of rain is 60% and the chance of snow is 50%. What's the chance of rain and/or snow? If you just add, you get: 
P(rain or snow) = P(rain) + P(snow) = 110% 

You probably remember that probabilities over 100% are meaningless. So right off the bat you know something is wrong. 

How about the chance of rain AND snow? The Law of AND would say 
P(rain and snow) = P(rain) * P(snow) = 30% 

But we all know that rain often turns into snow and snow turns into rain, so these two events are not independent either. Darn. (Insert stronger language here as desired). 

In fact, we really can't say ANYTHING about rain combined or not combined with snow. We can't add rain OR snow, but we also can't multiply to get rain AND snow. The two events aren't mutually exclusive, and they aren't independent. Neither law does us any good. 

Again (as with the case of not being able to use OR on events that are not mutually exclusive), there are ways around this, if you have enough information. In this case what you would need to know is the conditional probability -- how much one event is conditioned on the other. However, we're not going to go into that, either! 
Here's the summary again: 

	 
	What is says 
	The fine print 
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	P(E1 OR E2) = P(E1) + P(E2) 
	the events must be 
mutually exclusive 
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	P(E1 AND E2) = P(E1) * P(E2)
	the events must be
independent


So let's give it a try with dice ... 
Each of these questions requires either the use of the OR law or the AND law. See if you can figure out which is which and find the right answer (by the time you are done with this module, you can clean up on games of chance!) 
	What is the chance of rolling an even number on a 6-sided die?

· This is the same as rolling a 2 OR a 4 OR a 6.

· P(2 or 4 or 6) = P(2) + P(4) + P(6)

· P(2) + P(4) + P(6) = 1/6 + 1/6 + 1/6 

Answer: 1/2 


	What is the chance of rolling 4 or less on a 6-sided die? 

· This is the same as rolling 1 OR 2 OR 3 OR 4.

· Since its an OR question, add the probabilities 

Answer: 4/6 ( 2/3) 


	What is the chance of rolling a 1 twice in a row? 

· This is the same as rolling 1 AND then another 1

· Since its an AND question, multiply the probabilities 

Answer: 1/36 


And now with coins ... 
When the cell divides to make sperm or eggs, the genetic material also divides. The original cell had 2 copies of each gene, but the gamete only gets one. Basically, the original cell could have flipped a coin to determine which copy the gamete ended up with. And since this happens in both the mother and the father, its like two coins being flipped and the results tallied.

So with that in mind...
	If you flip two coins, what are the chances that both will come up heads?

· P(coin1=heads AND coin2=heads)

· This is an AND question, so... 

Answer: 1/4 


	If you flip two coins, what are the chances that you will get one heads and one tails?

· Be careful!! There are 2 ways this could happen -- first heads then tails, or first tails then heads

· P((heads AND tails) OR (tails AND heads))

· There are 2 ANDs and 1 OR, so you'll need to multiply twice and add once

· (1/2 * 1/2) + (1/2 * 1/2) 

Answer: 1/2 


	If you flip two coins, what are the chances that you won't get two tails? 

· Again, this could happen two ways

· tails and tails, or one head and one tail

· P(TT) = 1/4 and P(TH or HT)=1/2 (both from the problems above!) 

Answer: 3/4 


What else can probability do?

In the next section, we're going to talk about examples of how probability calculations are used in biology. These examples will be fairly simple, since we've only learned two ways to manipulate probability. But hopefully they will help you see ways in which probability can be helpful in science and maybe even in life.

To curl or not to curl 

Earlier I said that the process of flipping coins was a lot like creating and combining gametes. For any given gene, the mother "flips a coin" to determine which of her two copies her egg gets, and the father "flips a coin" to determine which of his two copies each sperm gets, and when you put the two coins together, you know the offspring's genotype, which determines its phenotype.

So, we can use the exact same methods as with coins to figure out genotypes. For example:

Let's consider a gene with two alleles, "C" for straight hair, and "c" for super-curly hair. As you probably know, the allele with the lower-case letter is recessive, so only people with two "c" alleles will actually have super-curly hair. (note: this is a completely made-up gene, with no claim to reality).

So imagine a mother and father who both have the genotype Cc, and therefore straight hair. What is the probability that they will have a child with super-curly hair?

This is the same as asking, what is the probability of getting flipping two coins and getting two tails?

P(coin1=tails AND coin2=tails) = P(coin1=tails) * P(coin2=tails) = 0.5*0.5 = 0.25.

Or, to put it in terms of alleles:

P(mother=c AND father=c) = P(mother=c) * P(father=c) = 0.5*0.5 = 0.25.

Here are some more problems with the same gene -- find the probability that 

	Kid has curly hair, assuming mother's genotype is Cc and father's is cc

· if the father has genotype cc, then P(father=c) = 1 

· So, P(mother=c AND father=c) =

· P(mother=c) * P(father=c) =

· 0.5 * 1.0 

Answer: 0.5 


	Kid has straight hair, assuming mother is homozygous dominant and father is homozygous recessive

· homozygous means same, so the mother is CC and the father is cc

· you can get straight hair either with CC or Cc, so

· P((moth.=C AND fath.=C) OR (moth.=C AND fath.=c) OR (moth.=c and fath.=C) 

· 1.0*0.0 + 1.0*1.0 + 0.0*1.0 

Answer: 1.0 


	Kid has super-curly hair, assuming mother is heterzygous and father is homozygous dominant?

· first, translate the terms: mother is Cc, father is CC, and super-curly hair requires cc 

· so P(mother=c AND father=c) 

· 0.5 *0.0

Answer: 0.0 


homo means "same", hetero means "different". 

Surviving the numbers game

Many animals have hundreds, thousands, or even tens of thousands of babies. You can bet that these offspring are not being doted on, spoiled, or gifted with designer jeans. Nope, in fact, their parents expect most of them to die.

For example, the sphinx moth lays up to 1000 eggs on the underside of leaves. In one (fictional) experiment, 327 out of 500 eggs survived to hatching. In a second experiment, 7 out of 70 caterpillars survived to become adult moths. Given this information, what is the likelihood that any given egg will survive to adulthood?

Surviving to adulthood implies that the egg survived to become a caterpillar AND the caterpillar survived to become an adult moth. So,

P(survival to adulthood) = P(survival egg to caterpillar) * P(survival caterpillar to adult) 

Just what are these probabilities? Based on the information above, 327 out of 550 eggs survived to caterpillarhood, i.e., 

P(survival egg to caterpillar) = 327/500 = 0.654

Likewise, 
P(survival egg to caterpillar) = 7/70 = 0.1

So, 
P(survival to adulthood) = 0.654 * 0.1 = 0.065.
Gaining an edge

Here's another way you can use probability: many fish also lay thousands of eggs. Here are two examples:
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	This is the largemouth bass. The males scoop out nests with their tails, guard the embryonic fish, and after hatching, herd the young fish around in schools until they are about 3 weeks old. 
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	This is the yellow perch. This species does not provide a nest or any parental protection. Instead, females are escorted by two or more males into shallow weedy areas, where they drape their eggs in an accordion-like strand over the vegetation. The males fertilize the eggs as they are released, and then abandon them.


Both species can lay 10,000 or more eggs, but the young of the largemouth bass survive somewhat better. 

Let's say that daily survival rates are 99% for largemouth bass and 97% for yellow perch. (note to all ichthyologists out there: I made up these last numbers, but the stuff above is all true). What is the survival of each species after 21 days (when the young bass are kicked out of the family school)?

Before you read the answer below, please take some time to try to figure it out on your own (you will need a calculator or a spreadsheet, or you could just write down the equation but not do the actual calculations). One of the most important skills you can get from these modules is the ability to extract mathematically useful equations from a big mess of biological information.

OK, lecture over. 

Let's build up slowly. For largemouth bass, the chance of surviving to day 2 is 0.99. The chance of surviving to day 3 is:

P(survive to day 3) = P(survive from 1 to 2 AND survive from 2 to 3) = 0.99*0.99 = 0.98
Likewise, the chance of surviving to days 4 and 5 are: 
P( 1 to 2 AND 2 to 3 AND 3 to 4) = 0.99*0.99*0.99 = 0.97 
P( 1 to 2 AND 2 to 3 AND 3 to 4 AND 4 to 5) = 0.99*0.99*0.99*0.99 = 0.96

Another way to say this is 
P(survival to day 3) = 0.992 
P(survival to day 4) = 0.993 
P(survival to day 5) = 0.994

See a pattern? So, using a calculator, we get
P(largemouth bass surviving to day 21) = 0.9920 = 0.82 
P(yellow perch surviving to day 21) = 0.9720 = 0.54

Even a small difference in daily survival pays off over time.

Hanging on for dear life

(Last in a series of three)

In aquatic environments, many juvenile animals get passively carried along in the current and since their ability to swim is so weak, they essentially have no control over where they land. But, where they land will have a big influence over whether or not they survive.

So the question is, what is the overall probability of survival for such an animal? A quahog clam, for instance. Let's make it simple and assume that the poor guy only get 'picked up' and transported once in his life. At the end of this possibly involuntary roller-coaster of a ride, he will get deposited on either a good hard surface into which he can sink his byssal threads, or shifting sand, which will(usually) quickly smother him.

Assume that only 15% of the bottom is suitable for quahog settlements (in other words, hard surface). Furthermore, assume that only 2% of clams survive on sand, while 20% of clams survive on hard substrate. What is our guy's overall chance of survival?

There are two ways for this critter to survive: land on sand and survive, OR land on a hard surface and survive:   

P(survival) = P((land on sand AND survive on sand) OR (land on rock AND survive on rock)) =
0.85*0.02 + 0.15*0.20 =  0.017 + 0.030 = 0.047, or about 5%
