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Measurement:


Tricks with Division

URL: http://mathbench.umd.edu/modules/misc_division/page01.htm
Note: All printer-friendly versions of the modules use an amazing new interactive technique called “cover up the answers”.  You know what to do…
Three tricks division can do

Frequently, in these modules and in your biology classes, you will be asked to make a variety of calculations involving division. No, we’re not going to go into doing long division – you do get to keep your calculator. However, division is still a rather tricky subject, and one that often gets students in trouble. The question is:

What gets divided by what?

Luckily, there’s a very simple answer:

It depends.

Specifically, it depends on what you’re trying to do with the division. But there are a number of “flavors” of division that I list below – most of the time, what you’re trying to do will fall into one of them.

1. Ratios

2. Percent, Proportion, or Probability

3. Percent Change

We’ll go through each of these options. By the end, you should feel confident making a given calculation without consulting your TA – and you should also feel confident choosing which calculation fits a given situation.

Section 1: Ratios and Fractions

Finding Ratios

Whenever you do division, you are comparing 2 numbers – essentially you are asking “how many times bigger (or smaller) is the first number compared to the second number”.

So, let’s say you are comparing gasoline prices. Here is some data for the price of a gallon of gas:

summer 1998: $1.30 

October 2001: $1.90 

There are 2 ways you could compare these two numbers:

Subtraction: $1.90 – $1.30 = $0.60 

that is, a gallon of gas cost 60 cents more in 2001 compared to 1998. This is called the absolute difference, and it is in dollars (or cents, if you make a quick conversion).

Division: $1.90 / $1.30 = 1.46

so, gas cost 1.46 TIMES as much in 2001 compared to 1998. Normally we would say, “gas was about one-and-a-half times as expensive”. Sometimes this is called the relative change.

For those of you with sharp eyes, YES, the dollar sign disappeared in front of the answer. In fact, the units (dollars) get cancelled in a fraction just like you can cancel numbers. Technically the answer is known as “unitless” – its not in dollars, or cents, or anything else, it’s just a number.

Let’s extend this example a little:

summer 1998: $1.30 

October 2001: $1.90 

Summer 2005: $2.50 
What is the absolute change from 2001 to 2005? $2.50 – $1.90 = $0.60 

What is the relative change from 2001 to 2005?  $2.50 / $1.90 = 1.31 

Notice that although the absolute change in price is the same (60 cents in each case) the relative change is different (smaller in the later period because gas prices were already higher).

In fact there is no necessary relationship between absolute and relative change. For example, in some versions of the future, gasoline could reach $20 a gallon:

Summer 2035: $20

Summer 2036: $23

This is a big absolute jump, but in relative terms, it is still only an increase of 23/20 = 1.15 times, actually SMALLER than the increases discussed above.

More uses for Ratios

Often ratios are used to compare a part of a mixture to another part of a mixture. For example, classic pound cake is made with 

· 1 pound butter

· 1 pound eggs

· 1 pound sugar

· 1 pound flour

The ratio of any two ingredients in this cake (say, sugar:butter) is 1:1. On the other hand, a “lowfat” pound cake has 

· 12 oz corn-oil butter

· 10 oz eggs

· 13 oz flour

· 21 oz sugar

Now what is the ratio of butter to sugar?  sugar : butter = 21 : 12, or 1.75 

What is the ratio of carb ingredients (sugar and flour) to fat ingredients (eggs and butter)?  (sugar + flour) : (eggs + butter) = 34 : 22 = 1.55 

Notice that I added some things up before doing the division. This is natural if I’m interested in categories of ingredients in the mixture.

In case you’re missing the connections to biology here…

· blood is a mixture of components

· chemical reactions require (and produce) mixtures of molecules

· animals diets, and individual foods, consist of a mixture of nutrients

We’ll get to some of these lovely examples later in the module.

Section 2: Proportions and Percents

Proportions and Percents: Parts of the Whole

It’s natural with the pound cake example to want to ask, how much of the total recipe is butter? And naturally mathematicians have come up with a way of doing this: use a proportion or percent.

Basically you’re asking “what’s the ratio of the part (butter) to the whole (all the ingredients). So…

butter : (butter + eggs + flour + sugar) 

= 12 : (12 + 10 + 13 + 21) 

= 12 : 56

= 0.21

In other words, out of one whole cake, 0.21, or about a fifth, is butter. That’s a proportion, since it compares the amount of butter to ONE cake. Often it’s easier to express this as a percentage, however. Essentially a percentage says, if I took the cake and divided it into 100 mini-pieces, how many of those mini-pieces would consist of butter? So, multiply the proportion above (0.21) by 100.
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So, two ways to find the relationship between the part and the whole:

proportion: divide the “part” number by the “whole” number
percent: do the above, then multiply by 100
	Quick Practice

What % of each ingredient in the lowfat cake?

a) 12 oz corn-oil butter

b) 10 oz eggs

c) 13 oz flour

d) 21 oz sugar

Answers: a) 21%, b) 18%, c) 23%, d) 38%


Absolute amounts from percents

Every day the diet websites publish new recipes… Yesterday’s lowfat pound cake contained 21% butter. Maybe tomorrow I’ll find one that has only 18% butter. So how much butter would that be?

Well, first of all, you should be asking me, “18% of what?” If it’s a four-pound cake, then it will have a different amount of butter than a one-hundred-pound cake. Let’s stick with the “classic” 4 pound (64 oz) cake.

Next, think about what the word “of” means. 

If you say, “five of something”, it means multiply the something by 5. 

If you say, “one-half of something”, it means multiply the something by 1/2. 

If you say, “18% of something”, it means multiply the something by 18%.

So as a general rule, replace the word “of” by the word “times”.

Here are two ways to do this calculation: 

1. Convert the percent back to a proportion, and remember that “of” means “times”, so 18% of 64 oz = 0.18 * 64 = 11.5 oz

2. Convert the percent to a fraction, and memorize remember that “of” means “times”, so 18% of 64 oz = 18 / 100 * 64 = 11.5 oz

In any case, you’ll come up with the same answer.

	More quick practice

How much of each ingredient is in my new-new-lowfat recipe? 

a) 18% soy-oil butter

b) 16% fake eggs

c) 25% flour

d) 41% sugar

Answers: a) 11.5 oz, b) 10.25 oz, c) 16 oz, d) 26.25 oz 


Final note: the “of” trick works on proportions and fractions as well. So, 

2/3 of 5/8 = 2/3 * 5/8

0.55 of 120 = 0.55 * 120

Parts and wholes

The recipe:

· 12 oz corn-oil butter

· 10 oz eggs

· 13 oz flour

· 21 oz sugar

Earlier I said that proportions and percentages help you determine the relationship (or ratio) between the parts and the whole. I still stand by that statement, but…

It’s important to carefully define what I mean by “part” and “whole”, and this can change depending on what question I’m interested in at the moment. Ah, what fickle creatures scientists are…

So, if I ask, what percentage of the carbs come from sugar, it helps to know that flour and sugar are the only sources of carbs in the cake, and therefore what I’m looking for is a relationship between sugar (the “part”) and sugar+flour (the “whole”):

	What percentage of the carbs come from sugar?

· Proportion: sugar / (flour + sugar)

· 21 / (21 + 13)

· 21/34 = 0.618

Answer: 62%


	Or I might want to know what percent of the recipe consists of dry ingredients: 

· dry / all ingredients

· (sugar + flour) / (sugar + flour + butter + eggs)

· (21 + 13) / 56
Answer: 61%


Section 3: Percent Change

Measuring how things change

Finally, there is a measurement that we often make when we’re comparing the results of some sort of experiment. We want to know how much things changed as a result of whatever we did – if I add fertilizer, how much taller does my plant grow? If I feed my mouse less, how much longer does he live? And so on. Or, we might just want to know how things change over time – such as, how did the price of gasoline change from 1998 to 2008?

To look at how things change, we use percent change. Here’s how it works. Let’s say I want to know the percent change in the price of a gallon of gas over the course of the last decade. 

1998: $1.40

2008: $4.20

First I calculate the actual change, which is 
$4.20 - $1.40, or $2.80.

Then I compare the change in price to the baseline price – that is, the price at the beginning of the timeperiod. So my ratio looks like this:

change in price : baseline price

= $2.80 / $1.40

= 200%

	Likewise I could compare the percent change in fat in the Old-Fashioned Pound Cake vs. the Lowfat Pound Cake. Now the Old-Fashioned Pound Cake is the baseline:

· Now the Old-Fashioned Pound Cake is the baseline

· change in butter = 13 oz – 16 oz = -3 oz
· change in butter : baseline butter = -3 oz / 16 oz
Answer: - 19 %


The minus sign tells me that the amount went down compared to the baseline.

Percent Change is not a direct comparison

It is important to note that percent change is not a direct comparison between two quantities. 

1998: $1.40

2008: $4.20

If a directly compare the price of a gallon of gas in 2008 to a gallon in 1998, I get

$4.20 : $1.40 = 3 : 1 = 3

I could say “the ratio of gas prices is 3 to 1”

or “a gallon costs 3 times as much”

but the percent change is 

($4.20 - $1.40) / $1.40 = 2 converted to percent -> 200%

I could say, “the price of gas has increased by 200%”

In common usage, like on the nightly news, these two different measures can sometimes get confused, but in your textbooks and labs, the distinction should be clear. In particular, any time you are asked to find the percent change, you should use the subtract-then-divide-by-the-baseline method.

	Some practice

What’s the percent change?
  summer 1998: $1.40 

a) October 2001: $1.90

b) Summer 2005: $2.40

c) Summer 2008: $4.20

d) Early 2009: $1.80

Answers: a) 36%, b) 26%, c) 75%, d) -57%


Notice that a 50 cent increase from 1998 to 2001 is a 36% change, while the same 50 cent increase from 2001 to 2005 is only a 26% increase. Why? because the baseline price was higher in 2001, so the percent increase is lower.
And remember that it is certainly possible to have a percentage change that is greater than 100%: for example, the price change from 2.30 / 1.90 = 121% 

Units, units, units

One final word before we head on to some more biological examples. You need to be sure that you are always using the same units when you do anything with ratios, proportions, percentages, or percent change. Remember, you are making comparisons, and if you don’t use the same units, it’s like comparing apples or oranges, or fish and birds, or whatever your favorite non-comparable items are.

Don’t do this: 

I used 1 pound butter

and 16 oz sugar

so, butter : sugar = 1:16 = 0.06 -> 6% wow that’s low fat!!

It doesn’t matter what units you use as long as you’re consistent. (and some units will be more convenient than others, so do yourself a favor and use the convenient ones).

I hope you see above that fractions, ratios, proportions, and percents are all basically the same. They just tend to be used in different situations. Below is a sort of concept map, showing how to convert between them:
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Ratio: any comparison of two numbers based on division, often used for part:part comparisons. Can also be written as a fraction.

Proportion: like a ratio, a comparison of two numbers by division, often used for part:whole

Percent: like a proportion, but expressed per hundred

The word “of” expresses multiplication in problems with fractions, proportions, or percentages.

Percent change: fundamentally different than the above, because you subtract first, then divide by the baseline, so it’s really change:baseline. Used to find how a quantity has changed over time or as a result of some sort of treatment.

Section 4: Biology

What’s in your milk?

The pages that follow mix up all of the different measures from above, and even ask you to determine the best measure to use. 

	in 100 grams milk
	Cow
	Goat
	Sheep
	Water Buffalo

	grams Protein
	3.2
	3.1
	5.4
	4.5

	grams Fat (Saturated)
	2.4
	2.3
	3.8
	4.2

	grams Fat (Mono-unsaturated)
	1.1
	0.8
	1.5
	1.7

	grams Fat (Polyunsaturated)
	0.1
	0.1
	0.3
	0.2


	What is the percentage of fat in cow’s milk?

In water buffalo milk?
	Cow: 2.4+1.1+0.1 = 3.6%

Water buffalo: 4.2+1.7+0.2 = 6.1%

	What is the ratio of mono-unsaturated to poly-unsaturated fat in cow’s milk?
	1.1 : 0.1 = 11:1

	What percentage of fat is poly-unsaturated (the healthiest kind) in cow’s milk?
	0.1 / (2.4 + 1.1 + 0.1) = 0.0277 = 2.8%

	Which of the four milks has the highest percentage of its fat as saturated fat?
	Cow: [2.4 / (2.4 + 1.1 + 0.1)]*100 = 66.7%

Goat: [2.3 / (2.3 + 0.8 + 0.1)]*100 = 71.9%

Sheep: [3.8 / (3.8 + 1.5 + 0.3)]*100 = 67.9%

W. buffalo: [4.2 / (4.2 + 1.7 + 0.2)]*100 = 68.9%

Conclusion: goat milk has the highest percentage of saturated fat, even though it does NOT have the highest amount of saturated fat.

	If you switch from cow’s milk to sheep’s milk, how would your saturated fat consumption change?)
	% change = (3.8 - 2.4) / 2.4 = 0.583 = 58.3% increase


The 3 Little Pigs go on a diet

One year not too long ago, the three little pigs decided they needed to lose wieght. The first little pig, sitting on his porch made of straw, declared that he didn't need a diet to lose weight, he would just start eating less. The second little pig, leaning against his stick windowframe, announced he had found a great grapefruit diet in Good Stykeeping magazine. The third pig started a Weight Watchers group in his comfortable brick living room.

In the first month (December), the first little pig ate a gingerbread house ("calories don't count if eaten secretly"), 3 fruit cakes ("if it doesn't taste good, it doesn't have calories"), and a vat of creamed spinach dip ("spinach automatically destroys all calories of the food it is added to"). The second little pig consumed 147 grapefruits, while the third little pig discussed quiche makeovers.

In the second month, the first little pig gave up ("the calories are obviously not following the rules"), the second little pig discovered that the local supermarket does not stock grapefruits in January and switched to popcorn balls instead, and the third little pig discovered nonfat sour cream.

The table below shows the weight of each little pig over the two months of their weight loss efforts:
	 
	Dec 1
	Dec 15
	Jan 1
	Jan 15
	Feb 1

	Little Pig #1
	190
	192
	194
	199
	204

	Little Pig #2
	170
	164
	158
	156
	154

	Little Pig #3
	295
	290
	285
	280
	275


	What was the rate of weight change at beginning of the diet say, the first two weeks)?

What are my units? Pounds per day
a) Subtraction    b) Ratio/fraction    c) Proportion     d) Percent      e) Percent change

Answer: 

Subtraction: No way, subtracting is only the first step; it will tell you the number of pounds lost, but not the rate of loss -- you need to keep going in order to find POUNDS LOST PER DAY.
Ration/fraction: After subtracting, you can put the result over 14 to express a rate. This is not wrong, but its a bit clumsy. It would be better to keep going and actually do the division...
Proportion: This is the best answer for a rate. First you subtract to find the number of pounds lost (or gained), then divide by 14 days to find the rate over time.
Pig 1: +2/14 = +0.14 pounds/day, Pig 2:  -6/14 = -0.43 pounts/day,  Pig 3: -5/14 = -0.36 pounts/day.
Percent: This is not actually wrong, but it could be confusing:, comparing dec 15 to dec 1 shows:
Pig 1: +2/14*100 = 14% of a pound/day,                      Pig 2: -6/14*100 = -43% of a pound/day, 

Pig 3: -5/14*100 = -36% of a pound/day 

I would stay away from percents unless the rate itself is measured in percent/day.
Percent change: Nope, no way. We are looking for pounds per day. Percent change would tell us pounds compared to beginning weight. That's a different question.


	What proportion of total change occurred in first month?

What are my units? pounds in first month/pounds in two months (pounds cancels out and so we call this "unitless") 

a) Subtraction    b) Ratio/fraction    c) Proportion    d) Percent     e) Percent change

Answer:

Subtraction: No way, subtracting is only the first step; it will not give a PROPORTION -- that involves division.
Ratio/fraction: Possible but not easy to compare:

Pig 1: 4/14         Pig 2: -12/-16         Pig 3: -10/-20
For best results, take it one step further...

Proportion: Fine -- the question is specifically about the PROPORTION of total weight change that happened in December, so this is a natural choice:

Pig 1: 4/14 = 0.28        Pig 2 : -12/-16 = 0.75          Pig 3: -12/-24 = 0.50 

Percent: Probably fine (unless your instructor is very literal)-- the question is specifically about the PROPORTION of total weight change that happened in December, but some people find percentages easier to understand:

Pig 1: 4/14 = 28%           Pig 2: -12/-16 = 75%       Pig 3:-10/-20 = 50%
Percent change: Nope, can't do. There's no "baseline", we just need to know how much of the total change happened in December.


After 2 months, the pigs get together. While Pig 1 drowns his sorrow in a 7-layer salad, pigs 2 and 3 get into an increasingly loud argument about who lost more weight. Pig 3 claims that simple arithmetic proves he's the winner, while pig 2 complains that this is hardly fair, given that pig 3 had so much more to lose in the first place...

	How would you determine which pig lost the most weight?

What are my units? Good question...how you answer it will determine which answer is best below...
a) Subtraction    b) Ratio/fraction     c) Proportion      d) Percent       e) Percent change

Answer:

Subtraction: This is the best choice if all you care about is the total amount of weight lost. You simply subtract:

Pig 1: +14,          Pig 2: -16,        Pig 3:  -20
This is the absolute amount of weight lost, and pig 3 wins!

Ratio/fraction: Not a great idea. Why? Look at the list below:

Pig 1: 204:190,        Pig 2: 154:170,        Pig 3: 275:295
Who won? Who knows...?

Proportion: This works OK: See comments on percent below.

Percent: This works OK, but you might as well go all the way: and find % change. 

Pig 1: 107%,       Pig 2: 91%,        Pig 3: 93%
Pig 2 wins!

Percent change: This is the best choice: if you want to take starting weight as well as amount lost into account.

Pig 1: +7%,       Pig 2: -9%,         Pig 3: -7%
Pig 2 wins!




Notice that the all-important question "who wins" depends on what you care about. If you want to "handicap" the results by taking the starting conditions into account, then you should use percent change. Proportion and percent will give you the same information, but in a way that is harder to interpret. 

If, on the other hand, all you care about is the cold, hard number of pounds down on the scale, then you should avoid percent change and just use subtraction. Subtraction will NOT give you the same information as using percent change (or percent or proportion), so only use it when the initial conditions do not matter!

