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Cell Processes: 


Enzyme Kinetics

URL: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page01.htm
Note: All printer-friendly versions of the modules use an amazing new interactive technique called “cover up the answers”.  You know what to do…
Part I: Using intuition to think about the shape of the graph

In this module, I'm going to do something a little different. Essentially, I'm going to try to lead you through the process that I, personally, use to explore a new mathematical situation or a new equation. The situation is enzyme kinetics -- that is, figuring out how fast a product will be produced in the presence of the substrate and the enzyme. The equation is called, "the Michaelis Menten equation", and it's one of the most important equations on all of biology.

It's also a very strange looking beast. 

To begin with, we want to get a sense of what this beast looks like. We'll do this in an intuitive way, by thinking about the process itself, and what sort of graph to expect. Then in the second part of this module, I'll show you the equation itself and we'll go through a series of steps to explore how this equation works. In the third part of this module, we'll look at how an experimenter can determine the values of the parameters involved in the equation. Finally, we'll put it all together with some practical applications. 

So, onwards to the hunt !

What beast are we looking for?

First, it's important to understand what we mean by "enzyme kinetics". As you know, an enzyme is a molecule, which facilitates your reaction, but is not consumed in the reaction. For example, the enzyme o-diphenol oxidase catalyzes the oxidation of phenols, found in apples for example, a dark colored products. So in this reaction, phenols are combined with oxygen, which forms a dark color product, and the o-diphenyl oxidase is not consumed in the reaction, but goes on its merry way to convert more phenols.

However, o-diphenol oxidase is a bit of a mouthful. Although we will come back to this enzyme at the end of the module, for right now. We'll talk about an easier enzyme known as chocolatase. The function of this admittedly fictional enzyme is to take perfectly good chocolate and mash it up into a mushy goop.

So, quick review:

enzyme = chocolatase

substrate = chocolate

When we study the kinetics of the chocolatase enzyme, the important question is, how fast is chocolate turned into a mushy goop. In enzyme kinetics models, the speed of product production is called "V", for velocity. Everyone admits that velocity is not a very good term, but it has historical roots, so "V" it is.

Specifically, what we want to know is, as the amount of chocolate in the environment changes, how does the rate of goop production change?

	If we want to graph the relationship between the amount of chocolate in the environment and the rate of goop production, how should the axes of the graph be labeled? You don't need to know the units at this point, just what goes on the x and y axes.

· think of yourself as an experimenter. Whatever quantity you are able to control belongs on the x-axis.

· Which can you control directly, the amount of chocolate available, or the rate of goop production?

Answer: x-axis is the amount of substrate, y-axis is V velocity, or rate, of the reaction 


The outline of the beast.
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So on last page, we figured out that we are trying to produce a graph where the x-axis is the amount of the substrate and the y-axis is the velocity of the reaction. Here are the axes:
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Instead of "amount of substrate", I put [S]. S is an abbreviation, and the square brackets, as you know, mean that we are dealing with concentration -- that is, how much substrate there is PER VOLUME of space. One unit of substrate in a testtube is very different from the same amount of substrate in a single cell, or the same amount of substrate in the entire body. 
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Let's think about what you know about the chocolatase enzyme. Imagine the following situation: a huge room, with bags of chocolate chips laying here and there on the floor, and a single chocolatase enzyme oozing around. How fast could the enzyme turn the bags of chocolate chips into piles of mush?

Well, if there were lots and lots of bags of chocolate chips, the enzyme would need to spend any time looking for a new bag. Does that mean that the bags make it converted into mush at an infinitely fast rate? No, it still takes a certain finite amount of time for the enzyme to process a single bag. Let's say an enzyme can go through a single bag in two minutes. That means that, no matter how many bags of chocolate chips there are, goop will never be produced faster than .5 piles per minute.

On the other end of the scale, what if there are no bags of chocolate chips? In other words,[S] = 0? Pretty obviously, no piles of mush we get produced. 

Now we know what two parts of this graph should look like. Try sketching the axes yourself, on a piece of scratch paper, and filling in our predictions for lots of substrate, and no substrate. When you're done, click on the button below.
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The middle of the beast.

Now I know what the head and the tale of this particular graph should look like. How about the middle? Do you think the line might be able to go up and down? In other words, as the amount of substrate (bags of chocolate chips) increases, will the rate of product formation (piles of goop) always increase, or will it sometimes increase and sometimes decrease? 

	various functions that go up and down 
	various functions that only go up 
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I think it's reasonable to assume that the more bags of chocolate chips there are, the easier it is for the enzyme to find the next bag, and therefore the rate of reproduction will increase continually. In mathematical terms, we would say that the graphic increases monotonically. (It is possible to think of circumstances in which this would not be true, but they would be very special circumstances).

Of course, there are still many ways that a graph could increase on monotonically between zero and some maximum level, as shown above. Without doing some experimentation, it's hard to choose the most likely graph. However, consider the following: f you compare no substrate to a little bit of substrate, you might expect a rapid rise in goop production rates. If you compare a little substrate to more substrate, you still get a rise into production rates, but not quite as much of a rise. And if you compare a lot of substrate to a really really lot of substrate, you don't get much of a rise at all. What graph would fit this description? 
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The whole beast

This simple graph, as it turns out, actually does correspond to the simplest enzyme kinetic process. I added some more labels: the highest goop production rate is now Vmax, and I put some (hypothetical) numbers on the axes. 
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Before going on to think about what equation might cause this graph, think about some questions that you can answer using the graph alone.

	How many bags do I have to put out to get only 10% of Vmax?

· 10% of Vmax is 3 bags/hr

· Read it off the graph!

Answer: about 10 bags/room


	If I put out 20 bags per cubic meter, what rate of production will I get?

· Read it off the graph!

Answer: about 12 bags/hr 


Those were pretty easy. Here is a more conceptual question: If I double the number of bags of chocolate chips, do I double the rate of goop production? Put your mouse over each graph below to see whether this is true:
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So, sometimes I do double production, but sometimes production is less-than-doubled, and sometimes it is more-than-doubled. 

You should remember that "if x doubles, then y doubles" is characteristic of only one particular kind of graph -- a linear function that goes through zero. This graph is not linear! In fact, enzyme kinetics is an examples of a NONLINEAR process. 

Part II: Exploring the M-M equation

At this point, I'm going to show you the Michaelis mentioned equation. I'm not going to show you how to derive the equation, because the shortest derivation that I've seen is still over a page long. However, I will lead you through some intuitive approaches to this equation.
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Funny looking equation, don't you think? Actually, I prefer to write the equation like this: 
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So, why did I say this is a funny looking equation? Well, for one thing, the independent variable [S] appears twice on the right-hand side of the equation. In a well behaved equation, we would really like to have the independent variable appear only once. Even worse, if you try to simplify the equation, it turns out that there is no simple way of writing the equation so that [S] appears only once. Darn!

Notice the % 

Here's the equation again:
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After staring at this equation some more, something occurs to me. The equation is trying to tell me that the actual rate of product formation (V) can be found by taking the maximum rate and multiplying it by some thing (not sure what yet) that involves substrate concentration:
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Since of Vmax is the maximum velocity, I would have to guess that the "something" is a number between zero and one. If the "something" was less than zero, and we would have a negative rate of product formation, and no negative numbers appear on the graph. If the "something" was greater than one, then it would be possible for the is one reaction to exceed Vmax, which we are to know is impossible. Otherwise we wouldn't call it Vmax.

So now, at least we've simplify the problem little. The part of the equation that is still confusing. Is this:
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[S] is clearly the concentration of substrate. But what is Km? Well, Km can't be either the dependent or the independent variable. What's left? It has to be either a constant or parameter. A constant is a number which always stays the same, such as pi equals 3.1415 etc. A parameter, on the other hand, is a number that takes on different values depending on the conditions. 

Actually, there are very few real constants in the world. Maybe just death and taxes. Most other things are parameters. Including Km. Therefore, Km could have one value for chocolatase at room temperature, a different value for chocolatase in an ice box, and yet another value for o-diphenol oxidase acting on an apple on your lab bench on a hundred-degree day.

Different values for Km
Since we still don't know what Km is, let's just pick a nice easy value. How about one?
Remember, were still trying to find out what this strange looking piece of the equation does. So let's make a table of the values:
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	[S]
	0
	5
	10
	15
	20
	25
	30

	[S]/(1+[S])
	0
	5/6
	10/11
	15/16
	20/21
	25/26
	30/31

	V
	0
	25
	27.3
	28.1
	28.6
	28.8
	29.0


Well, that's a relief! In fact, this chunk of the equation does have values that range from zero to (almost) one. Just for fun, let's try it with a different value for Km. In fact, you can pick your own value for Km below. You can also try numbers smaller than one, as long as they are positive. 

	The online version of this module contains an interactive applet which allows you to calculate [S]/(1+[S]) and V from a value of Km. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page08.htm
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You probably noticed that no matter what value you pick, the value of this chunk of the equation runs from zero to a fraction somewhere near one. And V runs from zero to almost 30 (or, almost Vmax). Therefore, we can think of this chunk of the equation as expressing the percentage of Vmax obtained under certain circumstances (that is, given certain concentration of substrate).

Using (and abusing) Km 

We need to make this concrete: we'll investigate how the production of goop piles per minute depends on the concentration of chocolate chip bags -- that is, the number of bags per cubic meter.  Furthermore, let's just assume for a moment that we know, by divine inspiration or tealeaves or whatever method you choose, that Km = 5. (Later, we'll go through how to get this number in excruciating detail -- you may end up preferring tea leaves).

First, an easy problem:

	  If [S] = 2.5 bags per cubic meter, then what percentage of Vmax is obtained?

· just plug and chug.

Answer: 5/(2.5+5) = 5/7.5 = 0.67 = 67%


Now for a slightly more difficult problem:

	At what [S] is 80% of Vmax obtained? 

Hint...
Details...
set up the equation 
[S] / (Km + [S]) = 0.8
use some algebra
[S] = 0.8 (Km + [S])  
[S] = 0.8 Km + 0.8 [S]
0.2 [S] = 0.8 Km 
[S] = 0.8/0.2 Km
[S] = 4 Km
interpret the answer 
(remember Km = 5) 
in order to get a goop production rate of 80% of maximum, you would need to put out 20 bags



	The online version of this module contains an interactive applet which allows you to practice calculation. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page09.htm
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Km in the crosshairs 

So using the Michaelis Menten equation, you can tell me how many bags to put out in order to achieve any possible goop production rate -- 10% of max, or 45%, or 95%... 

Or can you? Specifically, how many bags do I need to put out to get 100% of Vmax?

	How do you get 100% of Vmax?

Hint...
Details...
set up the equation 
[S] / (Km + [S]) = 1.0
use some algebra 
[S] = Km + [S]
interpret the results 
Unless Km is zero, this will NOT work. 



Using algebra, we can't find any amount of substrate that will allow the reaction (goop production) to take place at its maximum rate. How about using common sense? Goop production should happen fastest if there's a lot of chocolate around, so let's try making [S] really big: 

If [S] is 1000 bags/room, then


[S] / (Km + [S]) = 1000/1010 = 0.99

If [S] is 10000 bags/room, then


[S] / (Km + [S]) = 10000/10010 = 0.999 
Hmm, I can get really close to 100%, but I can never actually get there.  Its easy to see the same thing on the graph:
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The fact that we can never exactly get to Vmax is a bit of a problem when it comes to determining what Vmax is. 
	The online version of this module contains an interactive applet which allows you to determine the Vmax of a new enzyme, yellowcakease. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page10.htm
	[image: image20.png]You have been asked o find the maximum reaction
rate (Vmax) of the newly discovered yellowcakease
enzyme. This enzyme reduces yellow cake fo @ mushy
mess. (Note: Km is stil unknown fon this enzyme)

Your lab has $100 budgeted for this project. Each yellow cake costs $1.
You may run as many trials as you like, as long as you can afford them.
Each frial consists of placing a specified number of yellow cakes ina
voom with the yellowcakease enzyme and recording the initial rate of
the reaction. The record will be made automatically by this simulation,
and the data will be ploted in the graph for you.

When you think you know what Vmasx is, type it in the ANSWER box
and click on check.

The Room (fop view)

$100 |Budget Remaining

# Cakes/Room = [S]

Simulate

What is Vmax?

Check

[s1






Have no fear, we will come back to efficient methods for determining Vmax in just a few screens. 

What's special about Km?

So far, we know what Vmax represents, but we still don't know how to figure out what it is without blowing the budget. On the other hand, we don't even know what Km represents, much less how to find the value experimentally!   Think about this: 

	At what [S] do you expect to get to exactly 1/2 of Vmax?

· you need the chunk [S]/(Km + [S]) = 0.5

· Km + [S] must be twice as big as [S]

Answer: Km = [S] 


It turns out that Km is exactly the concentration of substrate for which the reaction runs at half its maximum rate.  In chocolate terms, Km is exactly the number of bags of chocolate chips per square meter needed to achieve exactly half of the maximum goop production rate.

Coincidence?  Nope.
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So, according to this graph, the maximum rate of goop production is 30 bags per hour, and if I put out 24 bags / room (=Km), then I get half the maximum rate, or 15 bags per hour converted to goop. Thus, the equation that produced this graph must be:
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Fun with graphs

Despite how funny-looking the Michaelis-Menten equation is, it turns out to be very simple to interpret. Vmax sets the upper bound (its an assymptote, since actual reaction rate never reaches Vmax), and Km anchors the curve at 1/2 Vmax:

	The online version of this module contains an interactive applet which allows you to determine the effects of Vmax and Km on the graph. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page12.htm
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 This also means that if I tell you what Km and Vmax are, you can easily sketch a graph of the Michaelis-Menten curve. Try it below:

	The online version of this module contains an interactive applet which allows you to sketch a graph when you are given Vmax and Km. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page12.htm
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Michaelis Menten in a nutshell.

Is that funny looking equation again (and really, this is one equation would be good to memorize. It is, as I said before, one of the most important equations in biology):
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 This equation tells us that for any substrate concentration, the rate of conversion will be some percentage of the maximum possible rate. And, the percentage increases steadily as you move from zero substrate to infinite substrate. Finally, no matter how much substrate you have, you actually never reach the theoretical maximum rate.
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 Km also tells you (roughly) how much "affinity" the enzyme has for the substrate. We say that a low Km indicates a high affinity, because only a little substrate is required to make the reaction happen at 1/2 of Vmax. 

Part III: Exploring the Lineweaver-Burke plot

So far we have a beautiful analysis of the Michaelis-Menten equation, except for one teeny tiny problem. We still don't know how to measure Vmax with any accuracy (remember the budget-busting exercise a few screens back?)

Michaelis and Menten came up with their equation in 1913. This small problem of Vmax was solved by two other guys (named Lineweaver and Burke) in 1934, which I'm sure was a huge relief to everyone. The solution is not very intuitive, but it is elegant.

You should be familiar with the idea of log-transformation as a way of "unsquishing" data. The basic insight of Lineweaver and Burke was a different kind of data transformation could help measure Km and especially Vmax more effectively. This transformation is called a "double reciprocal", which means that instead of plotting Vmax against [S], we plot 1/Vmax against 1/[S]. 

	The online version of this module contains an interactive applet which allows you to plot data. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page14.htm
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Name that equation

Let's see what this transformation looks like algebraically. To do this, we want to end up with a function with 1/V on the left, and an expression involving 1/[S] on the right:

	Start with 
	V = Vmax [S] / ([S] + Km) 

	Invert both sides:
	1/V = ([S] + Km) /( Vmax [S]) 

	Simplify the right a little:
	1/V = [S]/(Vmax [S]) + Km/(Vmax [S])

	Cancel:
	1/V = 1/Vmax + Km/(Vmax [S])

	Clarify:
	1/V = 1/Vmax + Km/Vmax * 1/[S]


It is not important to memorize how to manipulate this equation, although you should be able to follow the manipulations, so you know where the "new" equation below came from. 

It is also NOT important to memorize the new equation. Instead, we're going to look at some characteristics of the new equation. First of all, remember that when we graph this equation, 1/[S] goes on the X axis and 1\V on the Y axis. Essentially, therefore, this is the equation for a line!
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Let's graph

So let's graph this line.  Remember, we're still assuming that we are experimenters and we don't know the values of Vmax and Km.  All we know is that at certain values of [S], we got certain values of V (i.e., we put out some amount of M&M packages and got some rate of goop production.  We can start with our datatable and take the inverse of everything, then plot those inverses on a graph: 
	The online version of this module contains an interactive applet which allows you to sketch Lineweaver-Burke plot. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page16.htm
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Now since we know that the graph SHOULD look like a straight line, we can draw a straight line through the data:
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Generally you should use some kind of regression here, but we'll just eyeball it, to speed up the process a bit.

And now the $64,000 question: how does this graph help us find Vmax?  We could approach the question from one of two angles -- both of which give the same answer:

Graphical: We know that Vmax happens only when substrate is essentially infinite. If [S] is infinite, then what is 1/[S]? 0. So, look to see what 1/V is when 1/[S] is zero.

That value is 1/Vmax. 
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 Algebraic: The equation for a line is y - intercept + slope*x.  Since our line has the equation
1/V = 1/Vmax + Km/Vmax  * 1/[S]

the intercept is 1/Vmax.

According to either line of reasoning, the value of Vmax is the reciprocal of whatever the y-intercept is.

The other intercept

Interestingly, it turns out that the OTHER intercept (the x-intercept) is the negative reciprocal of Km. If you want, you can do a derivation similar to what we did on the last screen to convince yourself that this is true. Or you can just take my word for it.

So now we can put the whole she-bang together. Imagine you are researching the yellowcakease enzyme again (the one that broke the budget before). You set up rooms with 4 different concentrations of yellow cakes. You measure the rate of mush production in each room. You get the data below. What are the Michaelis Menten parameters for this enzyme?

	The online version of this module contains an interactive applet which allows you to sketch a graph from the given data. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page17.htm
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	flash arrange the steps
Step 1: take double reciprocals
Step 2: plot double reciprocals
Step 3: draw a best-fit line
Step 4: find the intercepts of the line
Step 5: take the reciprocals of the intercepts to get the values for Vmax and Km.


Part IV: Virtual Experiment, Real Enzymes

The last 18 or so pages were just the groundwork for the interesting part: using the values of Vmax and Km to infer interesting information about an enzyme - substrate system.

I promised we would consider a real enzyme, so here it is: o-diphenol oxidase, the enzyme responsible for shoving oxygen molecules onto phenol rings, thereby coincidentally turning them brown. The brown part is not terribly important to the apple, but to the scientist, it offers a convenient way to measure the amount of product present, and hence the rate of the reaction. (After all, counting phenol rings would be rather tedious, even if they were big enough to see in a microscope).

First experiment: o-diphenol oxidase on apples

Your mission: choose 4 concentrations of substrate. For each concentration, press "go" to simulate the reaction and find out what the spec readings were. Calculate the rate of reaction. Use the Lineweaver-Burke plot to determine Km and Vmax for the reaction.

	The online version of this module contains an interactive applet which allows you to sketch a graph from the given data. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page18.htm
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Add two preservatives 

Second experiment: o-diphenol oxidase on apples that have been doused with PHBA, a preservative

 Third experiment: o-diphenol oxidase on apples that have been doused with phenylthiourea, another preservative

	The online version of this module contains interactive applets which allow you to sketch graphs from the given data. To find this applet go to: http://mathbench.umd.edu/modules/cell-processes_enzyme-kinetics/page19.htm
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Analyzing the results

Here is a table of the Michaelis-Menten parameters you calculated:

	Preservative 
	Vmax
	Km

	none
	0.1
	1.25 mM

	PHBA
	0.1
	2.50 mM

	phenylthiourea
	0.05
	1.25 mM


Here are the Michaelis-Menten graphs of for each of these sets of parameters:

One of these preservatives works by disabling the enzyme itself. The other preservative works by competing for the active sites on the substrate. Can you tell which is which?

If a preservative (partially) disables an enzyme, would you expect the maximum rate of the reaction to stay the same, increase, or decrease?-> imagine the enzyme chained to a heavy weight or beat up by a schoolyard bully. Clearly it won't be able to work as fast as before, so Vmax should decrease.

If a preservative competes for binding sites, would you expect the maximum rate of the reaction to stay the same, increase, or decrease? -> If the amount of substrate was infinite then it wouldn't matter that there was a competitor out there, so Vmax should stay the same

If a preservative (partially) disables an enzyme, would you expect to reach half of Vmax with the same, less, or more of the substrate? -> 

If a preservative (partially) disables an enzyme, would you expect to reach half of Vmax with the same, less, or more of the substrate? -> 
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